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1. Find all pairs of positive√integers x and y that satisfy
5x − 7y = 1 and x/y > 2.
2. Point P lies in the interior of ABC. Lines AX , BY
and C Z are drawn, all of them going through P, as
Y
shown. These lines divide the interior of the triangle
into six smaller triangles. Show that if the three shaded
triangles have equal areas, then all six small triangles
C
have equal areas.
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3. Given a positive odd integer m, we define m ∗ = (3m + 1)/2a , where a is chosen so that m ∗
is an odd integer. For example, if m = 7, then 3m + 1 = 22, so 2a = 2 and 7∗ = 11. The
∗-sequence beginning with m is the sequence of odd numbers obtained from m by repeatedly
applying ∗. For example, the ∗-sequence starting with 7 is 7, 11, 17, 13, 5, 1, where we
stopped with 1 because 1∗ = 1. (It is believed that every ∗-sequence reaches the number 1,
but no one has been able to prove this.) Show that if the odd number m exceeds 1, then the
∗-sequence beginning with m must contain two numbers n and n ∗ such that n > n ∗ .
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5 − 2 is very nearly an integer.
4. Your calculator will tell you that the number
Decide whether or not it is exactly an integer.
5. Let S be a finite set and suppose that A is a nonempty collection of subsets of S. If each of
the sets in A contains more than half of the elements of S, show that there is some element of
S that is in more than half of the members of A.
You are invited to submit a solution even if you get just one problem. Please do not write your
solutions on the problem set page. Remember that solutions usually require a proof or justification.
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