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PROBLEM SET IV (2001-2002) JANUARY 2002

1.

It is known that (1 + +/2)® isnot an integer. Nevertheless, show A
that if we write this number in its decimal representation, then
thereare at least 25 consecutive 0'sdirectly following the decimal
point.

Altitudes AP, BQ and CR aredrawn in A ABC, and these lines
meet at point H, asindicated. (Recall that the three atitudes of a 2
triangle always go through a common point, which iscalled the  RA__H
orthocenter of the triangle.) Suppose that AH = BC. Show that

PR and PQ are perpendicular. B P C

Find all positiveintegersc, if any, such that the equation (m? + 1)(n®>+1) = (cmn+1)2+1
has infinitely many positive integer solutionsm, n.

(New Year’'s Problem). Let a denote the average of the reciprocals of the numbers

V108 +n+ 1+ /105 +n

withn =0, 1, 2, ..., 2000. Show that a can be written as afraction u/v, whereu and v are
positive integers, and find the smallest possible value for u + v.

If x isan integer, then certainly x? + x and x® + 2x2 are integers. If x isrational, but not an
integer, then it is easy to see that neither x* + x nor x3 4+ 2x2 is an integer. Do there exist
nonrational real numbers x so that both x2 4+ x and x3 4+ 2x? are integers? If so, find all
possibilities for x.

You areinvited to submit a solution even if you get just one problem. Please do not write your
solutions on the problem set page. Remember that solutions usually require a proof or justification.
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