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WISCONSIN MATHEMATICS SCIENCE & ENGINEERING TALENT SEARCH

SOLUTIONS TO PROBLEM SET V (1994-95)

1. Let¤ be an operation (like addition or multiplication) which associates to each pairx, y of
real numbers the real numberx¤ y. Suppose that, for all realx, y, z, we have (1)x¤ x = x,
(2) x ¤ y = y ¤ x, (3) x ¤ (y ¤ z) = (x ¤ y) ¤ z, and (4) if y < z andx ¤ y 6= x, then
x ¤ y < x ¤ z. In the preceding problem set, we showed thatx ¤ y = x or y for all x, y.
Find infinitely many different operations¤ satisfying the above four conditions.

SOLUTION. For each real numberr , we will define an operation depending onr . Specifically,
let x ¤ y = r if either x or y is equal tor , andx ¤ y = max{x, y} otherwise. Then¤ certainly
satisfies (1) and (2). For (3), if one ofx, y, or z is equal tor , thenx¤ (y¤ z) = r = (x¤ y)¤ z. If
none of them are equal tor , thenx¤ (y¤ z) = max{x, y, z} = (x¤ y)¤ z. Finally, we consider
(4). Supposex, y, z are given withy < z andx ¤ y 6= x. Then the latter implies thatx ¤ y = y
andx 6= r . Moreover, ifz = r , thenx ¤ z = z and if z 6= r , thenx ¤ z = max{x, z} ≥ z. Thus,
in either case,x¤ z≥ z> y = x¤ y. Thus,¤ satisfies all four conditions. Furthermore,r is the
unique real number withr ¤ x = r for all x. Thus, each suchr gives rise to a different operation
¤ and, by varyingr , we obtain infinitely many such operations.

2. In4ABC, suppose thatAD ⊥ BC and thatAE is the angle bisector of∠B AC. If BM ⊥ AE
and E N ⊥ AC, prove that pointsD, M , andN are colinear. (Hint. Use the conclusion of
Problem Set IV, Problem 2.)

SOLUTION. First, consider the quadrilateralAM DB. Since∠AM B = ∠ADB, it follows
from the conclusion of Problem Set IV, Problem 2 that∠B AM+ ∠B DM = 180◦. Furthermore,
∠B DM+∠E DM = 180◦, so∠E DM = ∠B AM = (1/2)∠B AC, sinceAE is the angle bisector
of ∠B AC. Similarly, consider quadrilateralADE N. Since∠ADE+ ∠AN E = 180◦, Problem
Set IV, Problem 2 implies that∠E DN = ∠E AN= (1/2)∠B AC. Thus∠E DN = ∠E DM, and
henceD, M , andN are colinear.

3. Which positive integersn divide

S(n) = 11995+ 21995+ · · · + (n− 1)1995.

SOLUTION. We only use the fact that 1995 is an odd number> 1. Observe that, ifa is any
integer, then there exist an integerA such that

a1995+ (n− a)1995= a1995+ n A+ (−a)1995= n A.



          
In other words,a1995+(n−a)1995is a multiple ofn, and this allows us to pair off certain summands
in S(n) and know that their sum is divisible byn. Suppose first thatn is odd. Thenn− 1 is even
and hence we can pair off all the summands ofS(n) to conclude thatn dividesS(n). Next, suppose
thatn is even. Then we can pair off all but the middle summand, and thereforen dividesS(n) if
and only ifn divides(n/2)1995. Now if n/2 is even, thenn divides 2(n/2) and thereforen divides
(n/2)1995. On the other hand, ifn/2 is odd, then the even numbern cannot divide the odd number
(n/2)1995. Thus, ifn is even, thenn dividesS(n) if and only if n is divisible by 4.

4. Find all positive integersx andy which satisfy the equationx2+ x = y4+ y3+ y2+ y.

SOLUTION. For convenience, let us writef (x) = x2+ x = x(x+ 1), so that f is an increasing
function whenx is positive. Fix the positive integery, setg(y) = y4+ y3+ y2+ y, and observe
that

g(y)− f (y2+ y/2− 1/2) = (3/4)y2+ y+ 1/4> 0

and that, fory > 2, we have

g(y)− f (y2+ y/2) = y/2− y2/4< 0.

Since f is increasing, it follows that ify > 2, and ifx > 0 with f (x) = g(y), theny2+y/2−1/2<
x < y2 + y/2. But y2 + y/2 is either an integer or a half integer, so there can be no integerx
satisfying the above inequality. In other words, there are no integer solutions withy > 2. Finally,
if y = 1, thenx2+ x = g(1) = 4, and again there is no solution. On the other hand, ify = 2, then
x2+ x = g(2) = 30 and this has the solutionx = 5. Thusx = 5, y = 2 is the only possibility.

5. An n-digit numberα is said to bespecialif (1) α is equal to the arithmetic mean of then!
numbers one obtains by rearranging the digits ofα in all possible ways, and (2) the digits ofα
are not all equal. We know, from the preceding problem set, that the 3-digit special numbers
are 370, 407, 481, 518, 592, and 629. Find the next larger special number and then show that
there are infinitely many special numbers.

SOLUTION. Supposeα = an−1 · · ·a1a0 =
∑n−1

i=0 ai 10i . If we rearrange the digits ofα in all n!
possible ways, then eachai will occur precisely(n− 1)! times in the 1’s place, in the 10’s place,
etc. Thus the sum of then! rearrangements is(n − 1)!s(α)

∑n−1
i=0 10i = (n − 1)!s(α)11· · ·11,

wheres(α) = ∑n−1
i=0 ai is the sum of the digits ofα. Since(n− 1)!/n! = 1/n, it follows thatα

satisfies condition (1) if and only ifα = s(α)11· · ·11/n. Note that, ifα is a multiple of 11· · ·11,
then all digits ofα will be equal, andα will not be special. In particular, sincen = 4 has no
factor in common with 1111 and sincen = 5 has no factor in common with 11111, it follows
that α will be a multiple of 11· · ·11 in those cases and henceα will not be special. Thus the
first possibility aftern = 3 occurs whenn = 6. Here 111111/3 = 37037, soα must satisfy
α = 37037s(α)/2 = 37037k for some integerk. Sinceα has 6 digits,k ≥ 3 and sinceα is not a
multiple of 111111,k is not a multiple of 3. We tryk = 4, 5, 7, 8, 10, . . . and discover that the first
possibility occurs whenk = 10. Thus the next special number, after the 3-digit ones, is 370370.

Since 370 is a special 3-digit number, we may now guess that ifβ is any 3-digit special
number, then the 3m-digit numberββ · · ·ββ is also special. This is easy to verify (try it), and we
conclude that there are infinitely many special numbers.


