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WISCONSIN MATHEMATICS SCIENCE & ENGINEERING TALENT SEARCH

SOLUTIONS TO PROBLEM SET IV (1996-97)

1. Your calculator will tell you that
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3− 10 is approximately equal to 2. Is
this quantity exactly equal to 2? Prove that your answer is correct.

SOLUTION. Write a = 3
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3+ 10 andb = 3
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3− 10. Thena3 − b3 = 20 andab =
3
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108− 100= 2. Thus(a−b)3 = a3−b3−3ab(a−b) = 20−6(a−b) and hence, ifx = a−b
thenx3 = 20− 6x. Note thatx = 2 is a solution of this cubic equation and that there are no other
real solutions sincex3+ 6x − 20= (x − 2)(x2+ 2x + 10). It follows thata− b is exactly 2.

2. Let ABC D be a quadrilateral and letX, M , Y and N be
respectively the midpoints ofAB, BC, C D andD A. Show
that the pointP whereXY andM N meet is the midpoint of
each ofXY andM N.

SOLUTION. Draw the linesX M, AC and Y N as indicated.
Since BM = (1/2)BC and B X = (1/2)B A, it follows from
SAS that4B X M is similar to4B AC. In particular,∠B X M =
∠B AC and henceX M andAC are parallel. Similarly,Y N and
ACare parallel, and consequentlyX M andY Nare parallel. Now
draw the linesX N andY M, and conclude as above thatX N and
Y M are also parallel. In other words, the quadrilateralX MY N
is a parallelogram. Finally, sinceXY andM N are the diagonals
of this parallelogram, we know that they bisect each other and
henceP is the midpoint of each of these lines.

3. (NEW YEAR’S PROBLEM)
Let m ande be positive integers and suppose thatN = 1997m/(m+ 1997e) is an integer.
Find all possible values forN.

SOLUTION. Note that 1997 is prime. Let’s call itp. We first show that the denominatorm+ pe

is a power ofp. To this end, supposeq is any prime divisor ofm+ pe. Thenq must also divide
the numeratormp and hence eitherq = p or q dividesm. But in the latter case, we see thatq
divides(m+ pe) −m = pe, and again we conclude thatq = p. Thusm+ pe = pa and clearly
a ≥ e+ 1 sincem> 0. Finally,m= pa − pe, so

N = mp

m+ pe
= (pa − pe)p

pa
= p− pe+1−a.

But N is an integer, soa ≤ e+ 1. Hencea = e+ 1 andN = p− p0 = p− 1= 1996.



4. I have a magic money machine into which I can put any number of one dollar coins. If I insert
n dollars, the machine returns 2n dollars. Each time I use the machine, however, I must insert
more money than I did on the previous use. If I start with exactly $1 and use the machine
once, I will have $2. One my next use of the machine, I am forced to insert $2 yielding
$4, and on my third use of the machine, I can insert either $3 or $4 yielding a total of $7 or
$8. Consequently, there is no way that I can ever obtain exactly $3 or $5 or $6 by using the
machine repeatedly, starting with $1. Find the largest integerL such that it is impossible to
obtain exactlyL dollars with the magic money machine, starting with $1.

SOLUTION. The answer isL = 10. Note that $10 is an impossible amount because after four
uses of the machine I must have at least $11. Now it is easy to check that all amounts from 11 to
20 dollars can be obtained. Suppose, by way of contradiction, that some value larger than $10 is
impossible and letm be the smallest number exceeding 10 such thatm dollars cannot be obtained.
Thenm> 20. If m is even, writem= 2k and note thatk > 10. Thusk dollars is possible and we
never inserted as much ask dollars to get it. We can thus insert allk dollars to get 2k = m dollars.
If m is odd, writem = 2k+ 1 with k ≥ 10. Thenk+ 1 dollars is possible and we never inserted
as much ask dollars to get it. We can thus insertk dollars yielding a total of 2k+ 1= m dollars.
This shows thatm dollars is possible, contradicting the choice ofm. Thus no value larger than $10
is impossible to obtain.

5. Let S be a subset of the set{1, 2, 3, . . . ,1000} with the property that no sum of two distinct
members ofS is contained inS. Find the maximum possible number of members in the setS.

SOLUTION. The setS= {500, 501, 502, . . . ,1000} has the desired property and has 501 mem-
bers. We show now that every setS with this property has at most 501 members. To see this, let
a be the smallest member ofS and define two more sets of integers byX = {s ∈ S | s 6= a} and
Y = {x + a | x ∈ X}. ThenX andY are disjoint, by the property ofS, and both are subsets of
T = {a+ 1,a+ 2,a+ 3, . . . ,a+ 1000}. Note thatT has size|T | = 1000. Since|X| = |Y| and
|X| + |Y| ≤ |T | = 1000, we see that|X| ≤ 500 and thus|S| = |X| + 1≤ 501, as required.


